We study some properties of a half-lightlike submanifold M, of a semi-Riemannian manifold, whose shape operator is conformal to the shape operator of its screen distribution. We show that any screen distribution S(T M) of M is integrable and the geometry of M has a close relation with the nondegenerate geometry of a leaf of S(T M). We prove some results on symmetric induced Ricci tensor and null sectional curvature of this class.
Introduction.
The Riemannian geometry of submanifolds [3] is one of the most important topics of differential geometry. It is well known that semi-Riemannian submanifolds [9] have many similarities with their Riemannian case.
However, the lightlike submanifolds [6] are different since (contrary to the nondegenerate cases) their normal vector bundle intersects with the tangent bundle. Thus, one cannot use, in the usual way, the classical submanifold theory to define any induced object on a lightlike submanifold. To deal with this anomaly, the lightlike submanifolds were introduced and presented in a book by Duggal and Bejancu [6] . They introduced a nondegenerate screen distribution to construct a nonintersecting lightlike transversal vector bundle of the tangent bundle. Since then, a suitable choice of an integrable screen distribution has produced several new results on lightlike geometry (see, e.g, [1, 4, 5, 7] and many more references therein). Also, see [8] for a different approach to deal with lightlike (degenerate) submanifolds. However, unfortunately, there are only two papers [5, 7] (after the publication of Duggal-Bejancu's book [6] ) on a subclass called half-lightlike submanifolds of codimension 2 (see Section 2) which provides a physical model of null 2-surfaces in 4-dimensional space-time manifolds (see Example 3.3).
The growing importance of geometry in mathematical physics and very limited information available on half-lightlike submanifolds are the motivation for the study on this topic. Since the shape operator plays a key role in the geometry of submanifolds [3, 6] , the objective of this paper is to study those half-lightlike submanifolds, of a semi-Riemannian manifold, whose shape operator is conformal to the shape operator of their screen distribution.
In Section 2, we brief basic information needed for the rest of the paper. In Section 3, we define screen conformal half-lightlike submanifolds M and prove that any screen distribution S(T M) of M is integrable (see Theorem 3.5) . This result is important since it does not hold for an arbitrary lightlike submanifold. Then we prove (Theorem 3.6) that the geometry of M is closely related with the nondegenerate geometry of a leaf M of its integrable S(T M). In particular, M = L ⊕ M is a product lightlike manifold if and only if there exists an induced Levi-Civita connection on M (Theorem 3.9), where L and M are leaves of Rad T M and S(T M), respectively. We also find conditions for the induced Ricci tensor to be symmetric and induced nonvanishing sectional curvature of M. Using Kupeli's [8] concept of an irrotational lightlike submanifold (see Definition 3.7) we show that the induced Ricci tensor of any screen conformal half-lightlike irrotational submanifold is symmetric. This result is desirable both for geometry and its physical interpretation. In Section 4, we show that some classical results of Riemannian submanifolds also hold for screen conformal totally umbilical half-lightlike submanifolds of a semi-Riemannian space formM(c).
Half-lightlike submanifolds. Let
In caseḡ is degenerate on the tangent bundle T M of M we say that M is a lightlike submanifold ofM [6] . Throughout this paper we denote by F(M) the algebra of smooth functions on M and by Γ (E) the F(M)-module of smooth sections of a vector bundle E over M. We use the same notation for any other vector bundle. All manifolds are paracompact and smooth. For basic information on the geometry of submanifolds, we refer to [3] . Denote by g the induced degenerate tensor field ofḡ on M. Then, there exists locally (or globally) a vector field ξ ∈ Γ (T M), ξ ≠ 0, such that g(ξ, X) = 0 for any X ∈ Γ (T M), and for each tangent space T x M, we consider
M is said to be r -lightlike if the mapping
The above relations imply that ξ ∈ Rad T x M. Thus,
Thus, Rad T M is locally (or globally) spanned by ξ. There exists a supplementary non-
with the following orthogonal distribution:
In this paper, we assume that M is half-lightlike. Consider orthogonal complementary distribution
Choose u as a unit vector field, withḡ(u, u) = = ±1. We brief the following results (for details see [7] ). Consider a supplementary distribution D to Rad T M in S(T M ⊥ ) which is spanned by u. Hence we have the following orthogonal decomposition:
where
Hence, N is a lightlike vector field which is neither tangent to M nor collinear with u sinceḡ(u, ξ) = 0. Define a vector bundle tr(T M) of M by
where ntr(T M) is a 1-dimensional vector bundle generated by N. Therefore, 
S(T M)).
Although S(T M) is not unique, it is canonically isomorphic to the factor vector bundle T M/Rad T M [8] . For the dependence of all the induced geometric objects of M on {S(T M), S(T M ⊥ )}, we refer to [6, Chapter 5] . In particular, the following result is important for this paper.
Proposition 2.1 [6, page 157]. The second fundamental forms of a lightlike submanifold M do not depend on S(T M), S(T M ⊥ ), and ntr(T M).
Let P be the projection of T M on S(T M). It follows from (2.9) that
According to (2.5) and (2.9) we put 
(2.13) Hence (2.11) become∇
14)
15) 
Next, by using (2.10), (2.14)-(2.16), and (2.18), we obtain
Thus, in general, the induced connection ∇ is not a metric (Levi-Civita) connection. From (2.14) it follows that D 1 and D 2 are symmetric bilinear forms on Γ (T M). From (2.5) we obtain 
(T M).
Define
Hence the two equations of (2.21) become
where h * and E are the second fundamental form and the local second fundamental form of S(T M) with respect to Rad T M, and A * ξ is the shape operator of the screen distribution. Equations (2.14)-(2.16) on one side and (2.24)-(2.25) on the other side are related by
From (2.17) and (2.27) we derive
Theorem 2.2 [6] . Let M be a half-lightlike submanifold ofM. Then the following assertions are equivalent:
(1) the induced connection ∇ on M is a metric connection;
⊥ is a parallel distribution with respect to ∇.
Thus, contrary to the case of a lightlike hypersurface (see [6, page 88]), a half-lightlike submanifold satisfying one of the conditions of Theorem 2.2 is not totally geodesic unless D 2 vanishes on M. In particular, the existence of an induced connection on M, with nonvanishing second fundamental form h, is one of the important results of halflightlike submanifolds.
3. Conformal screen shape operator. It is well known that the second fundamental form and its shape operator of a nondegenerate submanifold are related by means of the metric tensor field. Contrary to this we see from Section 2 that in the case of half-lightlike submanifolds M the second fundamental forms of M and their screen distribution S(T M) are related to their respective shape operators A N and A * ξ . As the shape operator is an information tool in studying the geometry of submanifolds, in this paper we consider a class of half-lightlike submanifolds with conformal screen shape operator defined as follows. Definition 3.1. A half-lightlike submanifold M of a semi-Riemannian manifold is screen locally (resp., globally) conformal if on any coordinate neighborhood ᐁ (resp., ᐁ = M) there exists a nonzero smooth function ϕ such that for any null vector field 
Then we have
By direct calculations, we obtain
Then, from (2.15) and (2.25) we obtain is screen lightlike with a constant conformal factor. In particular, a null 2-surface in 4-dimensional space-time manifold is a physical example of such half-lightlike submanifolds. Indeed, consider a 4-dimensional space-time (M,ḡ), with Lorentzian metricḡ, of signature (−, +, +, +), which admits a smooth 2-parameter group G, generated by two spacelike Killing vector fields U and V . SupposeM also admits a non-Killing null vector field ξ. Then, U and V will span a lightlike surface M defined by U [aV b 
we have a unique null vector tangent to T x M given by
It is easy to see that M is a half-lightlike surface ofM such that Rad T M = Span{ξ}.
Since ξ is non-Killing, it follows from Theorem 2.2 that D 1 ≠ 0 and, therefore, M neither admits a metric connection nor is totally geodesic.
Proposition 3.4. Let M be a half-lightlike submanifold of a semi-Riemannian manifoldM. Then, M is screen conformal if and only if
Proof. Suppose M is a screen conformal half-lightlike submanifold. Then, from (2.26), (2.27), and (3.1), we get Let M be screen conformal. Then, from (2.24) and (3.8) we get Proof. Using (2.14) and (3.10) and for any X, Y , Z ∈ Γ (T M), we obtain 
Let M be a screen conformal half-lightlike submanifold of a semiRiemannian manifoldM, with a leaf M of S(T M). Then (1) M is totally geodesic, (2) M is totally umbilical, (3) M is minimal, if and only if M is so immersed as a submanifold ofM and ε 1 vanishes on M.

Proof. Using (3.8) we obtain
for any X, Y ∈ Γ (T M ). Then we havē
where h and ∇ are second fundamental form and the Levi-Civita connection of M inM. Thus, from (3.12) and (3.13) we obtain
for any X, Y ∈ Γ (T M ). On the other hand, from (2.18) we have
Since D 2 is symmetric, we obtain −ε 1 (P Z) = g(A u ξ, P Z). Similarly we get D 2 (ξ, ξ) = ε 1 (ξ). Consequently, we obtain
Thus the proof follows from (3.14) and (3.16). [8] .
Definition 3.7. A lightlike submanifold M is said to be irrotational if∇ X ξ ∈ Γ (T M) for any X ∈ Γ (T M), where ξ ∈ Γ (Rad T M)
For a half-lightlike M, since D 1 (X, ξ) = 0, the above definition is equivalent to D 2 (X, ξ) = 0 = ε 1 (X), for all X ∈ Γ (T M). Using this in (3.16) we state the following corollary.
Corollary 3.8. Let M be an irrotational screen conformal half-lightlike submanifold of a semi-Riemannian manifoldM. Then (1) M is totally geodesic, (2) M is totally umbilical, (3) M is minimal, if and only if a leaf M of any S(T M) is so immersed as a submanifold ofM.
Theorem 3.9. Let M be a screen conformal half-lightlike submanifold of a semiRiemannian manifoldM. Then, the following assertions are equivalent:
(
1) any leaf of S(T M) is totally geodesic in M; (2) M is a lightlike product manifold of M and L, where M , a leaf of S(T M), is a nondegenerate manifold and L is a one-dimensional lightlike manifold; (3) D 1 vanishes identically on M; (4) the induced connection ∇ on M is a metric connection.
Proof. From (2.14) we have g(∇ ξ ξ, X) =ḡ(∇ ξ ξ, X) for X ∈ Γ (S(T M)) and ξ ∈ Γ (Rad(T M)). Now∇, a metric connection, implies g(∇ ξ ξ, X) = −ḡ(ξ,∇ ξ X)
. Now, using 
Now, from (3.17) and (3.18), the equivalence of (1) and (2) we obtain (2). Thus (2) is equivalent to (3) . Finally, the equivalence of (3) and (4) comes from Theorem 2.2. Denote byR and R the curvature tensors of∇ and ∇, respectively. Then, using (2.14)-(2.16) and (2.18)-(2.25), we obtain Let M be screen conformal. Consider the Riemannian curvature of type (0, 4) of∇, and by using (3.19 ) and the definition of curvature tensors, we derive the following structure equations:
Let R * be the curvature tensor of ∇ * . Using (2.24) and (3.8) we obtain 
c). Then, the induced Ricci tensor of M is symmetric if and only if
(3.24)
Proof. The Ricci tensor of a half-lightlike submanifold is given by
For a space formM(c), from (3.8), (3.20) , and (3.21), we have
(3.26)
Thus we get (3.27) which proves the theorem.
The following result holds from Definition 3.7 and (3.27). 
Let M be a screen conformal half-lightlike submanifold of a space formM(c). Then, the null sectional curvature of M is given by
Proof. From (3.20) we have
Using (2.17) we obtain (3.29), which proves the theorem.
Moreover, using (2.19) in (3.29) and Definition 3.7, we have the following corollary.
Corollary 3.13. The null sectional curvature of a screen conformal half-lightlike submanifold M ofM(c) vanishes identically if and only if
(3.31)
Consequently, the null sectional curvature of any irrotational conformal half-lightlike submanifold ofM(c) vanishes identically.
Theorem 3.14. Let M be a screen conformal half-lightlike submanifold ofM(c) with
D 2 = 0. Then, M
is flat if and only if M is flat and c = 0.
Proof. Suppose M is flat. ForM(c), from (3.21) we derive
Thus, for X = ξ and Y = P Z, we derive cg(P Z, P Z) = 0, hence c = 0. On the other hand, from (3.20) we have
(3.34)
Using (3.34) in (3.23) we get given in Example 3.2, and by direct calculations, we obtain
Thus, from (2.14)-(2.16), (2.25), and (2.26) we derive
Hence M is irrotational with a symmetric Ricci tensor (Theorem 3.10) and vanishing null sectional curvature (Corollary 3.13). D 1 ≠ 0 implies that ∇ is not a metric connection and M is not totally geodesic. Also M is not totally geodesic inM (Theorem 3.6). Moreover, S(T M) is not parallel in M due to E(U,U) ≠ 0. Thus M is not a lightlike product (Theorem 3.9). The above definition does not depend on the screen distribution and the transversal bundle of M. Let M be a half-lightlike submanifold. Using (2.14) and (4.1), we conclude that M is totally umbilical if and only if there exist smooth functions 
Proof. Let M be a leaf of S(T M). Then we havē
M is totally umbilical inM, we get
Thus we have
Conversely, if M is screen conformal, then it can be seen that E(ξ, X) = 0, which completes the proof. 
For a screen conformal M, (3.8) implies that M is totally umbilical if 
9) and a leaf M of any S(T M) is totally umbilical in M.
Proof. From (2.18) we obtain that D 2 (X, Y ) = g(X, Y )H 2 if and only if P (A u X) = H 2 P X and ε 1 (X) = 0, for all X ∈ Γ (T M) (also proved in [7] + H 1 N + H 2 u) , for all X, Y ∈ Γ (T M ), which completes the proof. which proves the assertion of the theorem.
Let M be a totally umbilical half-lightlike submanifold inM(c). Then, by direct calculations, using (2.14), (2.15), (2.16), and (4.2) and taking the tangential parts, we obtain 
R(X, Y )Z = c g(Y , Z)X − g(X, Z)Y − g(X, Z)H
